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The  acoustic  radiation  tree,  a  frefc-iloo'iai  ring  transducer  of  rec¬ 
tangular  cross  section  depenis  not  on  the  oscillation  of  the  mean 

dimeter,  but  on  the  pulsation  of  the  ring  .all  and  height.  On  the 
expansion  of  the  nean  diameter  a  positive  pressure  is  produced  on  the 
outer  surface  -chile  a  negative  pressure  is  produced  c-n  the  inner  surface. 
These  two  pressures  tend  to  cancel  or.-.-  another .  Because  of  this,  the 
pressure  arising  fren  cf  or  portions  of  the  ring  can  not,  in  general, 
be  neglected.  The  object  of  this  report  is  to  present  a  simple  model 
which  easily  accommodates  these  codes  of  vi. ration  which  are  coupled 
through  the  piezoelectric  state  equations.  A  further  object  is  to 

incorporate  the  piezoelectric  coupling  into  the  torus  model  developed 

1  2 

by  Parke  and  Sherman  *  . 

The  new  model  presented  will  be  referred  to  as  the  ring  model. 

This  model  is  derived  in  ar.  elementary  fashion  b*»  replacing  the  separate 
vibrating  surfaces  of  a  ring-transducer  of  rectangular  cross  section 
by  separate  thin  rings  with  source  strengths  equal  to  the  strengths  of 
the  respective  vibratir.0  sjrfaces.  The  total  field  is  then  drained  by 
superposing  the  field  from  each  ring  Although  the  co-jo  1  is  approximate, 
there  is  the  advantage  that  the  uaiion  of  the  separate  surfaces  nay  be 
directly  related  to  the  piezoelectric  equations  which  describe  the  motion 
of  the  actual  j i.ysicai  ooiel. 

A  comparison  cf  the  .*r-fiel.t  fcXoveas<<*ts  for  the  ring  and  torus 
“todelals  mr  Is  o- d  it  is  se-;r.  that  tic  <•>.}. r  s  tlc-r.s  are  quite  similar,  hut 
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not,  indeed,  identical.  A  ccssparisoti  is  also  cade  between  tne  result* 

■t 

calculated  frca  the  rir.£  model,  and  actual  measurements  oa-Se  by  HcMai  u 
dtt  a  piezoelectric  free  flooded  transducer  It  1*  found  that  thia  oodel 
yield*  a  favorable  description  of  the  far  field  pattern  not  only  at  ring 
resonance  but  at  cavity  resonance. 

II.  Development  of  the  Ri;v.-  Model 

In  this  section  we  eh&ll  derive  the  equation  for  the  far- field 
pressure  of  the  ring  model.  A  vicratitg  ring* transducer  of  snail  cross 
section  will  be  approximated  by  four  rings  two  separated  by  the  well 
thickness  b  and  two  separated  by  the  height  h  »  The  strength  of  these 
rings  will  be  set  equal  to  the  strengths  of  the  corresponding  surface* 
and  the  piezoelectric  equation  will  be  used  to  couple  the  notions  of  the 
surfaces  to  the  sntion  of  the  aean  radius  1  ,  It  will  be  assumed  that 
the  presence  of  one  ring  does  not  affect  the  field  of  the  other,  and 
that  the  total  field  is  sinply  due  to  the  superposition  of  the  fields 
of  oil  the  individual  rings. 

Vow  the  far-field  pressure  response  j»*  r,  0)  for  a  thin  ring  of 
radius  P  vibrating  with  a  uniform  sinusoidal  pulsation  of  the  croaa 
section  say  be  shown  to  be  $ 
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where  yc.  is  che  characteristic  icneJance  of  the  medium,  k  is  the  wave 
cumber  of  the  medium,  3^  is  the  :  eroth  order  Bessel  function,  f  is  the 
distance  co  else  far  field  point  from  the  center  of  the  ring  and  ^  is 
the  angle  between  f  and  the  axis  of  the  ring.  The  "source  strength" 
9^)  is  the  product  of  the  nan.al  velocity  and  the  surface  area  of  the 
ring.  We  have  written  Q  as  Cj(j>)  to  emphasize  that  it  is  a  function 
of  the  radius. 

We  will  now  superpose  solutions  of  the  above  form  to  obtain  a  new- 
aodel  for  the  transducer.  Let  the  sctual  physical  model  be  as  shown  in 
Pig.  1.  The  ring  representation  is  shown  below  in  Pig.  2.  The  rings 
c,  t,  4  will  be  used  to  represent  the  nations  of  the  inside,  top, 
outside,  and  bottom  of  the  actual  physical  model.  The  strengths  of  the 
rings  will  be  taken  to  be  equal  to  the  strengths  of  the  corresponding 
surface  strengths  of  the  actual  physical  model .  Thus 

Cj;  (.  I  -  klx  )  =  -iP  A  IT  (  4.  4A  >  h  (2») 
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Figure  1.  Crons -Sec tion  of  Actual  Physical  Model 


Figure  ?. 


Cross  Section  of  Ring  Model 
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Row  the  rings  t  and  o  ace  centered  in  the  sane  corresponding  plane  f 
as  the  actual  physical  iadil;  thus,  for  these  rings  r=  R  .  Since 
the  pressure  }&•*,&)  is  to  be  avail  a  ted  in  the  far  field,  r(  ,  K5a™*  r 
are  nearly  parallel;  and  hence, 

r  H  -  l  ecs  &  (3a) 


r  ~  K  +  \  <0<  o  13®) 

b 

where  the  above  expressions  are  to  be  used  in  the  phase,  and  r  -  r  ~  l{ 
is  to  be  used  in  the  amplitude  of  Eqs.  (lb)  and  (£d). 

Hence  for  the  ittc  and  t>  rings  ve  have  the  respective  pressures 


h  - 


.  ,lftK 

C 

A  K 

-rL  '«  u  -  hL)l9{kU-yL\  } 

(ha) 

A  R 

; 

b  4.  v,  1  414  sin  0  4  CL 

(lib) 

l  e 

j-  i.Uf'tlx.Ucw 

(lie) 

-*4* 


ijc^  c  ^  T  j  »  .  V  1 

,  _  -  -  -  „  -  fe  ^  -1.  Z  '«*-  C 

h  ~  *2.  K  •> 


-i  *2  <**& 


and  the  total  pressure  V.  is  the  sun. 

The  suuxation  of  the  ai:ove  equations  can  be  reduced  to  a  simpler 
fore  by  considering  the  velocity  distributions  Xt  ^  and  ^  .  We 
note  first  that  because  of  sytrsetry,  the  top' and  botton  velocities  will 


TiU*  Mummikh  b»«*:o«iu.  boirtiiM . 

aMano»a0  *  u»lni  Ntmunwnt 


0l72rTM^3 

. 


be  equal  in  magnitude  and  phase.  With  the  notation  /V'  for  these  ve¬ 
locities  (  -r  and  -T  }  the  total  pressure  contribution  froa  the  top  and 
bottom  vibrations  is 


■  ,  V  '*4 

L  R.X.  S<|J  6  }  C05  ^  x 
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(5) 


The  net  velocity  on  the  outside  surface  and  the  net  velocity  on 
the  inside  surface  'f-  nay  be  dccocposed  in  the  following  nanner.  On 
expansion  of  the  esaa  circumference,  the  nean  radius  ol  moves  outward 
with  velocity  (See  Fig.  I).  In  addition  to  this  notion  tb.re  is 
the  coupled  vibration  .  **Tj  :  ^  .  as  noted,  and  the  expansion  and 

contraction  of  the  thickness  t  of  the  ring.  Calling  this  motion  ATL 

tf 

we  then  nay  write 


3 


(6a) 


(6b) 


where  the  direction  of  /'^  is  outward  froa  the  cross  section.  With 
this  notation  the  total  pressure  contribution  from  the  inside  and  outside 
surfaces  is 


(7) 
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The  first  ten?  is  due  co  the  pulsation  of  the  vail  of'  the  ring,  while 
the  second  term  is  due  to  the  oscillation  of  the  vail.  The  Bessel 

h 

functions  n ay  be  expanded,  by  the  addition  formula 


•J.  [  l  *  v  j  j  -  •!  (  *a,s'i»6)  J~  v  £  -r  i,n& ^ 


/  , 


e  =  j. 


and,  thus  for  k-cx-Jy  and  feL  <<■  I  we  have 


-i**  —  J  /-  ~l 

f  ft,  -  h?k  £. .  -  -B  1  **  £"’*J 


ft  *-  h 


a 


/-  ifck  c  C  _  ?r  ^  KJsSiie)-  k«.  sino  f  j  , 

Collecting  terms,  we  then  have  the  total  pressure  ^>T  =  +/3fa)  +” 

<^L  +  Ta>  *  That  i8> 


-  1  -t _ , 

=  t  £  P(c  *  5"  r"  ^  -A(dj  >T  t  £<l  ai»d)  -  iine  j  (10a) 


where 


M&)=  / 1- i±  -h  *JL  *±  co±(&co*e) 

-r,  i>  vz.  h 


(10b) 


In  this  report  we  shall  confine  our  attention  to  the  far-field 
angular  response  rather  than  an  absolute  determination  of  the  pressure 
le/el.  The  quantity  of  interest  will  ther  be  the  far  field  directivity 
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function  R^  normalized  at  5  *  90°»  that  is 
Rm  «  fr(fr)/  fT(6*?*°)  . 


(ID 


=  Our  analysis  has  led  us  to  the  point  where  we  must  now  evaluate 

the  velocity  ratios  ^  / -i£,  and  for  a  complete  determination 

of  the  function  A  CO). 


III.  Piezoelectric  Coupling  Between  the  Modes  of  Vibration 

In  this  siction  we  shall  determine  the  relations  between  the  ex¬ 
pansion  of  the  circumference,  the  thickness,  and  the  height  of  the 
ring.  From  this  analysis  the  velocity  ratio  will  be  determined  for 
the  complete  descriptions  of  the  directivity  function  f?n .  Since  a 
description  of  the  pertinent  modes  of  vibration  has  been  given  by 
R.  S.  Woollett^,  we  need  only  relate  his  results  to  our  model. 

Before  considering  piezoelectric  effects,  let  us  suppose  the  ring 
to  be  a  simple  mechanical  vibrator  isotropic  in  the  circumferential, 
thickness,  and  height  directions.  With  A.  denoting  the  total  extension 
in  length  the  velocity  ratios  may  be  related  to  Poissonb  ratio  -<T  in 
the  following  fashion. With  Poisson's  ratio  defined  as 


Ah 


d~  =  — 


A 


Half')/,  ITe. 


fVt 


we  then  have 
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Thus,  for  this  case  we  have  fros  Eq.  (lCb)  that 


A(&)  =  L  l  —  £  —  6  COS  C  “•  C4S  6r  !  J . 


(Ih) 


*i, 


For  —  extremely  siall  Eq.  (10a)  nay  then  be  written  as 

-,  - 1  &n  /-  -> 

=t £ /z£  jjC. ^  i>  —  «L_  |(l-  ttoi.'jft)-  (15) 

1ft  J 


Jt  is  seen  that,  for  this  approximation,  the  directivity  function  is 

independent  of  the  height  Vi  and  the  thickness  V>  . 

In  the  more  general  case  of  an  anisotropic  piezoelectric  ring  the 

coupling  to  the  thickness  rode  cav  be  different  than  the  coupling  to 

the  height  mode  and  will  depend  on  the  clastic  moduli  and  the  piezo- 
« 

electric  J  constants.  Defining  and  as  piezoelectric  Poisson's 
constants, 

A  k  /I  *  — ■  \  L  r% 

(16) 


^  Ab 

~  b  Ax 


°h  “  "  ^  Ax 


and  noting  that 


"•/r.  =  AV. 


rfAx 


irr. 


»/<  > ih/. 


(17) 


it  may  be  seen  that 


A{>)  = 


/-  .r~ 

1  a 


cos 


rkj 

i  «? 


(18) 


Thus  with  a  description  of  ^  and  „r  the  far-field  pressure  would 
be  detcn.-ij.ed  by  Eqs.  (10a)  and  (l8). 
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From  the  equations  developed  In  R.  S.  Voollett's  notes  the  relatione 
for  <f~B  and  <rM  cay  be  written  for  the  cases  of  a  circumferential  field, 
radial  field,  and  axial  field  (field  directed  between  the  top  and  bottom 
surfaces).  These  results  are  summarized  in  Table  I.  For  convenient 
reference  ve  have  listed  in  Table  II  the  material  constants  for  Clevite 
Ceramic  B,  PZT-b,  and  PZT-5-  The  approximate  values  for  Nickel  are  also 
given. 

In  the  development  of  the  equations  displayed  in  Table  I  it  was  " 

a*  it 

assumed  that  the  medium  offered  no'  reaction  and  that  the  finite  was 
due  to  the  internal  losses  in  the  ring  (and  mounting).  These  equations 
then  would  be  most  applicable  for  the  ring  operating  in  air.  For  the 
cases  where  the  radiation  loading  is  not  negligible  (as  in  underwater 
operations)  we  shall  assume  the  equations  to  be  approximately  true  and 
interpret  fr  to  be  the  mean  resonant  frequency  (where  applicable)  and 

if 

interpret  $  to  be  the  measured  value  from  a  frequency  response  curve. 

The  Piezoelectric  equations  given  in  the  previous  section  may  also 

be  Incorporated  into  the  basic  far  field  radiation  equation  for  the 

l  2 

torus  developed  by  Sherman  and  Parke  ’  .  This  equation  may  be  written 
in  terms  of  the  present  notations  as 

-  ife  ft 

t  r  7 

j»t  *  i  Ut  f'C  t  R,  it  K.  l  8 sin  e)  -  ka,  5 7t  ( %*  sirs) )  ( 19a) 
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idering  <  loos  tkla  asis&uopk  red  of  t^«ayUr 
flad,  threap  caMrnoa,  teat 


"f^ 

2* 


jr  =  _*b  *-  -  •±*’-~e  .<  .  («o) 

fe  fc  A»»  *  ** 

(,  tiar  e^tacuM  ia  Table  I  way  be  iaco^orsted  into  tie  tens  model 
e^Mtioa  duroerte  the  use  of  Ef.  (?C). 

If  we  cee^ar:  Use  equations  for  the  torus  model  [Eqs.  (l<)a),  (l$h), 
(20)]  with  the  s^atiots  for  the  ring  node  1  [Z^s.  (10a)  and  (i£)]  it 
ist  he  sees  that  there  is  a  close  ssadlarity.  The  attic  difference 
seees  to  he  between  the  fractions  sod  P  .  The  fvoctioo  Aif; 

shows.  In  t  ti~>k  fasbioa,  that  the  far-field  pressure  depends  on  the 
height.  For  the  case  where  £h  is  extremely  snail  both  B  ami  Aft) 
are  equal  for 


i  &*-}*/*  =r  -  irm*  <*H  )/x.  . 

Kith  (f  t  f  )/i  s  *fs  both  A  and  B  would  be  equal  for  ^a.  *  1.8? 

9  ^ 

which  is  close  to  the  value  for  resonant  operation  of  nost  ceramic  ring 
transducers.  Thus,  we  would  expect  that  both  node  Is  would  give  nearly 
the  sane  results  for  resonance  operations. 


IV.  Comparison  With  Measurements 

A  comparison  of  the  theoretical  and  treasured  far-field  response 
for  the  transducer  described  by  KcKahon*  has  been  made.  A  comparison 
at  ring  resonance  and  cavity  resonance  was  previously  made  using  the 
torus  model  with  an  assured  simple  mechanical  coupling  between  the 
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ftsiilUtiic;  c:  tbr  mar zsz  uu»  icfcue  zw  tse  puls  tin  of  the  ring  :om 
sectioa.  Its-  theoretical  cedrl  us  shall  use  is  ths  rla|  model  disci  si 
in  Sections  It  aad  111  ol  this  report. 

7be  trasssi Steer  ciscritei  Ssy  KeXshon  wls  poled  radially.  *irW 
it  was  ciaired  to  he  a  JCT-i  seierial,  it  tes  felt  that  the  seasue 
Tours’s  aodeies  indicated  a  core  coc^iiact  material  seek  as  rZI*5A. 


•Si* 
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Iccordiugly,  t*  tsal  lae  TZX-yA  coeatzsts  is  tbc  e^atim  lor  tie  i-t:  ■ 
field  fatten:  skea  by  E\s.  (i!)  and(iGa)  along  vitfc  Eq*.  (l£)  and  ( la). 

dr  «•  - 

lbs  tvy  vma»<s2S  is*  Eg.  (la)  are  ^  aj&d  xr -  For  tk  purpoces 
this  initial  ccs^irisua  Me  ^  »  I  ;  aad  litrefore,  let  ^  -* 

eqeel  to  wily  in  Eq.  (la).  The  value  of  Tr  was  then  chosen  to  he  <>tral 
to  the  aeerajg  of  thi  ring  rest-sad  freqtxacy  c£  sEc  and  tie  ca*ir-  r  so¬ 
nant  fiesgueascj  1-3  Sc  as  E«a*tid  by  Mdbhou. 

In  Figs.  5  ^  tia  experimental  aai  theoretical  curves  soy  ie 

coejared  at  ring  resonance  16  Sic  and  cavity  resonance  1 6  Is  respectively. 

Be  re  we  chct;  fr  to  be  22  2c  and  <*  =  1  as  discussed.  It  is  seen  that 
the  agreerent  is  quite  good  not  only  at  ring  resonance  bat  at  cavity 
resonance. 

In  order  to  evaluate  the  effectiveness  of  the  piezoelectric  coupling, 
a  calculation  was  cade  at  cavity  resonance  using  the  ring  taodel  v!t  s  only  the 
oechanical  coupling  as  described  by  2q.  (15).  The  value  of  f  usee  vai 
Q.%7  as  determined  fras  Table  II.  As  seen  *.n  Fig.  5,  this  sisp :er 
mechanized  rodel  does  not  compare  as  favorably  as  the  model  with  the 
piezoelectric  coupling. 
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P.  Smzmrr  zsd  2*±*££2£S2Z 

la  tass  f«jcr:  «e  la»;  7re«s:i4  a  a»  ^icreiical  rodel  for  tit 
xcec»tic  njiitidc  frees  a  ir<t  i1m£^  piezoelectric  ria(  WMfcctr. 

A iiaca$a  a&prca:ia..£:.e,  tst  xoisl  ds-es  yield  z  staple  ami  fairly  accurate 
dtJai?ti»  of  tk  f/r-lulJ  directivity  fcsctiM.  A  caoparisow  will 
KcKtloe’s  data  tkwsf  that,  at  least  ia  this  case,  the  iactolaa  of  tie 
piezoelectric  cccpik;  effects  yielded  a  letter  ajrtsaeat  at  cavity 
rescoaxc  teas  vltb  tee  ir-cirsioo  of  oaly  saechasical  coupling  effects; 

Uk  agraaceat  at  cs~r i zy  r zsszzziace  Is  also  letter  thaa  previously  obtained 
vita  the  tarts  sodel**  - 

Clearly,  toe  theory  has  its  sbert*cccisgt,  aad  a  limited  range  of 
applicability.  It  was  assumed  that  tae  vibrating  surface  nay  be  repre- 
ssnted  by  siryie  vibrating  rings.  Bscs,  we  did  not  take  into  account 
the  fact  that  the  radiation  irons  iaer  aad  outer  surfaces  is,  in  general, 
dependent  cc  the  height  aad  wall  thickness.  It  would  seen,  therefore, 
that  tae  theory  prerented  would  be  most  applicable  to  short,  thin-walled 
rings.  Another  deficiency  is  involved  in  the  coupled  piezoelectric 

*  » 

equations  in  the  sense  that  in  their  present  fora  assaoed  values  of 
and  resonance  nest  be  used. 

In  the  future,  we  hose  to  compare  the  theory  with  core  experimental 
data  before  adding  refinements.  One  way  will  be  to  cake  a  comparison 
with  ceasurcwnts  on  different  free -flooded  ring  transducers;  that  is, 
transducers  excited  in  different  ways,  and  transducers  of  the  same 
diameter  and  wall  thickness  but  of  varying  height.  This  comparison 
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shooti  yield  z  ^x£  igdicatcca  at  the  lit-iiaii**-*  of  zzz  ace sect  staple 
ghmry.  Aas?Asr  wt  wlil  he  eo  ceugere  die  aas-e*iae*it£l  nl  ckwetittl 
far- fie  Id  grssassew:  freyacccy  reap osac.  15*  present  tJbssry  <£§p  I*  easily 
adapted  £o  yizld  such  &  predicts oe*  ty  relexis^  the  velocity  -tf£"  u>  d* 
input  «o!tj$£. 

It  shears  tb:  ribs  rose  difficult  rep*  to  oSsuis  a  £m<  prediction 
of  tSs  far-ficl-i  pressure  vil!  te  is  tas  vici&iiy  of  tk  sets  of  the 
cylinder-  Is  this  rsguc  tk  csciiia:iros  of  the  seas  clrcuaierme 
ewtriktes  little  to  t&e  pressure,  sac  caise^’jettiy ,  the  raiietim 
frea  r**-  height  aaj  wail  thicSuaeiS  tali  w  coKparatiwfcly  significant. 

Tms.  here  tk  relative  saseitu^t  of  the  viiratioatf  will  be  important. 

The  earner  of  excitation  (direction  e£  ttsaosst  polarization)  along 
with  toe  valves  of  the  physical  constants  will  indeed  intlutctt  the 
radiation  is  this  r^ioa, 

* 

Although  vc  have  recently  acquired  socc  new  data  on  free-flooded 
elec tres trie tive  ricji,  no  data  in  addition  to  that  previously  reported 
on  free-flooded  cagnetostrictive  scroll^  teess  to  he  available,  lie 
would  like  to  suggest  that  snscrecestt  be  cade  on  a  scroll  with  a  square 
cross-section  that  Is  considerably  less  than  one-fourth  of  a  wavelength. 

A  complete  set  of  data  including  iepedance  loops,  calibrated  frequency 
responses  (at  6  =  0°  and  50°),  and  directivity  patterns  would  be  nost 
helpful.  Fossillv  a  snail  -  high  frequency  codel  would  lend  itself 
cost  easily  to  a  pi.-isely  controlled  laboratory  set  up  and  ceasu resent. 

♦ 

Including  considerable  unpublished  data  kindly  given  to  us  by  Harris  A.S.V. 

Westwood,  Mass. 
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